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1 Diferencas finitas para o problema de Sturm-Liouville

Vamos estudar o método das diferencas finitas para problema de Sturm-Liouville, isto é, proble-
mas do tipo:

y' =p@)y +q(x)y+r(x), a<x<b,
y(a )=
y(b)

I

Tomemos h = =2, entdo x; = a + ih. Usando diferencas centrais temos que:

i+1—2Yi +yi-
v () = PR

piy (i) = pi? g S,

donde segue que

zh l‘h
(1 +7 ) Vi1 + (24 qih?) yi — (1 - Pz> Yyis1 = =k, 1)
i=1,...,n—1.
Vamos denotar por

ih

w o= —(1+ 50,

Bi = 2+qi,
lh

Yi = -1+ p

Notemos que o sistema é tridiagonal de dimenséo (n — 1) x (n — 1) e pode ser escrito da forma
AX = b, onde
0, seli—j| >1,
L, sei =1,
A= <ﬂi]‘) = ’Bl . ]
aj, sej=1i+1,
Yi,sej=1—1
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b= (bj)=1< —rh? se2<i<n-—1,

—rnh2+,3<1—p;h>,sei:n.

Exemplo: Vamos considerar o PVF dado por

—r1h2+o¢<1+plh>,sei:1,

y,/:_%y/+%y+wllgx§2

x2
y(1) =1
y(2) =2.
Assim, temos que
(1) ==
pix) = p
2
q(x) = 2
) inh(In(x))
sinh(In(x
r(x) = 2 .

2 Script Python

O script abaixo resolve numericamente este PVF por meio do método das diferencas finitas. Vocé
pode modificar as fun’~oes p, g e r e as condi¢des de fronteira de acordo com o seu problema.

In [3]: # Método das diferencas finitas caso linear
# Burden-Faires

import numpy as np
import matplotlib.pyplot as plt

def dif(aa,bb,alpha,beta,n):

= np.zeros([n+2]) # 2 cuz we need w_0 and w_n+l
np.zeros ([n+2])
= np.zeros([n+2])
= np.zeros([n+2])

Q 0 T e
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# n number of x points

h = (bb-aa)/(n+2)

print('0 valor do passo & h=', h)

x =aa +h

al1]l = 2.0 + (h**2)*q(x)

b[1] = -1.0 + (b/2)*p(x)

dl1] = -(h*=*+2)*r(x) + (1 + (h/2)*p(x))+*alpha

for i in range(2,n):



def

def

X

aa + ixh

ali] = 2.0 + (h**2)*q(x)

b[i] = -1.0 + (h/2)*p(x)
clil = -1.0 - (W/2)*p(x)
d[i] = - (h**2)*r(x)

X = bb-h

aln] = 2.0 + (h**2)*q(x)

cln] =
d[n] =

1 = np.
u = np.
.zeros([n+2])

Z = np

-1.0 - (h/2)*p(x)
- (h**x2)*xr(x) + (1.0 - (B/2)*p(x))*beta

zeros ([n+2])
zeros ([n+2])

# Crout algorithm

1[1] =
ul1]
z[1]

al1]
b[1]/all]
d[1]1/1[1]

for i in range(2,n):
1[i] = alil-clil*uli-1]

uli]
z[i]

1[n] =
z[n]

W = np.

w[0] =
wln+1]
wln] =

I

b[i]l/1[i]
(dli] - c[il*=z[i-11)/1T[i]

aln] - c[n]*uln-1]

(d[n] -clnl*z[n-11)/1[n]
zeros ([n+2])
alpha

= beta
z[n]

for i in range(n-1,0,-1):
wli] = z[i] - ulil*w[i+1]

print ("

return
p(x):
return

q(x):
return

As aproximagdes da solugdo:',w)
W

-2/x

2/ (x**2)



def r(x):
return np.sin(np.log(x))/(x**2)

def main():
a=1.0
b=2.0
alpha = 1.0
beta = 2.0
n =38

w = dif(a,b,alpha,beta,n)

x = np.linspace(a,b,n+2) # add z_0 and z_n+1
plt.plot(x,w)

plt.xlabel ("X valores")

plt.ylabel("Y valores")

plt.title("Método das diferengas finitas (caso linear)")
plt.show()

main()

0 valor do passo & h= 0.1
As aproximagdes da solugio: [1. 1.11055933 1.22023971 1.32985255 1.43984526 1.55045727

1.66180678 1.77394055 1.88686324 2. ]
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Exemplo: Consideremos a EDO
y' =y —xy+exp(x)(x* +1), x € (0,1)
y(0) =0
y(1) =e.

Assim, temos que

p(x) =1
q(x) = —x

r(x) = exp(x)(x* +1).

In [2]: def p(x):
return 1

def q(x):
return -x

def r(x):
return np.exp(x)* (x**2+1)

def main():
a=20.0
b=1.0
alpha = 0.0
beta = np.exp(1.0)
n = 98

w = dif(a,b,alpha,beta,n)

x = np.linspace(a,b,n+2) # add z_0 and z_n+1
plt.plot(x,w)

plt.xlabel ("X valores")

plt.ylabel("Y valores")

plt.title("Método das diferengas finitas(caso linear)")
plt.show()

main()

0 valor do passo & h= 0.01
As aproximacdes da solugdo: [O. 0.01044802 0.02110256 0.03196671 0.04304361 0.05433644

0.0658484 0.07758277 0.08954284 0.10173197 0.11415354 0.12681098
0.13970778 0.15284745 0.16623358 0.17986977 0.19375969 0.20790706
0.22231562 0.2369892 0.25193164 0.26714686 0.28263881 0.29841151
0.31446901 0.33081543 0.34745494 0.36439175 0.38163015 0.39917447
0.41702908 0.43519844 0.45368704 0.47249945 0.49164027 0.51111418
0.53092593 0.5510803 0.57158216 0.59243641 0.61364806 0.63522214
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