Transformada de Laplace e aplicagdes

This woksheet is in Portuguese language.

Prof. Doherty Andrade

Nesta woksheet esta todo o material visto comumnete em um curso elementar sobre transformada de
Laplace.
Use-o como uma revisao, mas nao esqueca de lapis e papel.

¥ Transformada de Laplace

[ Teorema (Existencia da Transformada de Laplace) Se f(7) ¢é de ordem exponencial,
entdo sua transformada de Laplace Lf(¢) =F(s) ¢€ dada por

[ee]

F(s) =j f(r)e*'dr.

0

A integral definindo F(s) existe nos pontos T <.

Teorema (Linearidade da Transformada de Laplace ) Sejam f(7) e g(7)
tendo transformada de Laplace dadas por F(s) e G(s) ,respectivamente. Se a € b sdo
constantes, entdo L(af(t) +bg(t)) =a F(s) +b G(s) .

Teorema (Unicidade da Transformada de Laplace) Sejam f(7) e g(7)
tendo Transformada de Laplace dadas por F(s) e G(s) , respectivamente. Se F(s) =G(s)

entdo f (1) =g(1).

Para trabalhar com Transformada de Laplace no Maple, vocé precisa carregar os procedimentos
"Laplace transform" .
Faca isto com

| > with (inttrans):

Exemplo 1 Determine a transformada de Laplace da funcao degrau unitério.

f(t)=1 se 0<Lt<c,

f(t)=0 se c<t.

> c:="'c': £:="£f': F:='F': g:='g': s:="s': t:='t': T:='T':

fOo =t —> 1:
g := t —> subs(T=t, int (£0(T) *exp(—s*T),T)):
F := t —> subs(T=t, int (£f0(T) *exp(—-s*T),T=0..c)):

*For 0 <= t <= ¢, £(t) ° = £0(t);
Int (£(t) *exp(-s*t),t) = g(t);
“F(s) = °, Int(f(t)*exp(-s*t),t=0..c) = F(s);
“F(s) ° = simplify(F(s));
For0 <=t <=¢, f{t) =1
-st
Jf(t) e ldr=-=
s




c

Fls) =, [f(t) e dr = :
0
-1+e%¢

S

F(s) = -

;Veja o grafico de f.
> f:=x -> piecewise(x>1,1);#tomei c=1 aqui
_ f:=x—piecewise(l <x, 1)

| > with (plots) :
> plot (f(x),x=-2..4,y=0..2);

o ol+e”f

c

fO0 := t —> exp(a*t):
“f(t) T = £0(t);
g := proc(t,S)

end:

simplify (subs (T=t, int (£0(T) *exp (-S*T),T)))
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Exemplo 2 Determine a transformada de Laplace de f(z) = &
> a:='a': £f:='"f': F:='F': g:='g': s:="s': t:="¢t"

1.1

1.2)



Int (£(t) *exp(—s*t) ,t) = g(t,s);
‘F(s) ° = subs(T=t, int (£0(T)*exp(—-s*T),T=0..infinity));
“F(s) ° = simplify(g(infinity,s) - g(0,s));
F := s -> - subs(S=s, g(0,8)):
"F(s) T = F(s);
fir) =e"!

~ el‘(a—s)

F(s) =Jim, ~———

Fs) =~

Fls) = — (1.3)

> “f(t) ° = exp(a*t);
“F(s) ° laplace(exp(a*t), t, s);
fir) ="'

Fs) =t (14)

Exemplo 3 Determine a transformada de Laplace de f(¢) =sinh(a?) .

at -at
. e —e
Como f(t) = sinh(at) = ———— , usamos que

2
L(e") =—— e (e =——.
1 s—a s+a
> L:="L":

TE(t) sinh (a*t);

“£(t) T = (exp(a*t)-exp(-a*t))/2;

Ll :=laplace( exp(a*t), t, s):

L2 :=laplace(exp(—a*t), t, s):

L(exp(a*t)) = L1;

L(exp(-a*t)) = L2; ~ °;

"F(s) ° (L(exp(a*t)) - L(exp(-a*t)))/2;

“F(s) ° (L1 - L2)/2;

“F(s) ° simplify ((L1 - L2)/2);

f(t) =sinh(at)

N T
flr) = 5 € 5 €

1
l(eaﬂ - -a—+s

—ary _ 1
Me )_s+a




1 at 1 -at
F(s) =— L —— L
(s) = L") = 5 L(e™)
1 1
F(s) = —
= Cats)  26+a)
F(s) = -—5— (1.5)
L a —s
Podemos verificar este resultado usando as rotinas do Maple.
> “f(t) ° = sinh(a*t);
“F(s) ° = laplace(sinh(a*t), t, s);
f(t) =sinh(at)
a
F(s) = (1.6)
| -dt+ 5
Exemplo 4 Determine a trasnformada de Laplace de f(¢) =t.
> a:='a': £f:='"f': F:='F': g:='g': s:="s': t:='t': T:="T':
fO0 :=t -—> t:
TE(t) T = £0(t);
g := proc(t,S)
simplify (subs (T=t, int (£0(T) *exp (-S*T),T)))
end:
Int (£(t) *exp(-s*t),t) = g(t,s);
“F(s) ° = subs(T=t, int (£f0(T)*exp(—s*T),T=0..infinity));
“F(s) ° = simplify(g(infinity,s) - g(0,s));
F := s -> — subs(S=s, g(0,8)):
"F(s) © = F(s);
fir) =t
-5t
[f(t) e_”dt:——(”-i_;)e
. s
st -5t
F(s) = lim (_ tse -I—Ze 1 J
“ s
-S -S
Fls) = - e oos—lz—e 1
s
F(s) =i2 1.7)
L s
Podemos verificar este resultado usando as rotinas do pacote Transformada de Laplace.
> “f(t) T = t;
“F(s) ° = laplace(t, t, s);
fir) =t
Fis) =5 (1.8)
s

Exemplo 5 Determine a transformada de Laplace de f () =cos(bt) .

> a:='a': £f:='"f': F:='F': g:='g': s:="s': t:='"t': T:='T':



f0 := t —> cos(b*t):
Tf(t) T = £O(t);
g := proc(t,S)
simplify (subs (T=t, int (£0 (T) *exp (-S*T),T)))
end:
Int (£(t) *exp(—s*t),t) = g(t,s);
‘F(s) ° = subs(T=t, int (£0(T)*exp(—-s*T),T=0..infinity));
"F(s) ° = simplify(g(infinity,s) - g(0,s));
F := s —> - subs(S=s, g(0,S)):
“F(s) ° F(s);

f(t) =cos(bt)
e *!(cos(bt)s—sin(b1)b)

Jf(r)e”’dt=—

b+
. se *lcos(bt) —be 'sin(bt) —s
F(s) =lim | - )
= b"+s
F(s) = - se * “cos(b ) —2be:wsin(b ) —§
b”+s
s
Fs) = (1.9)
b+

Verfique este resultado usando as rotinas do Maple.

> “f(t) ° = cos(b*t);
‘F(s) ° laplace(cos (b*t), t, s);
f(t) =cos(bt)

F(s) = (1.10)
_ b+ 5
. . 35s+6
Exemplo 6 Determine a transformada inversa de F(s) = 5 .
s +9
> f:="f': F:="F': s:='s': t:='t":
FO := s —> (3*s + 6)/(s*2 + 9):
"F(s) ° = FO(s);
"F(s) ° = expand(FO0(s));
F(s) = 32s +6
s +9
Fls) = 53— + 50 (1.11)

i S+9  $£49
A transformada F(s) € uma combinacdo linear .
> Fl := s/(s*2 + 9):
F2 := 3/(s*2 + 9):
F[1l] (s) = F1;
F[2] (s) = F2;
‘F(s) = °, 3*F[1] (s) + 2*F[2] (s) = 3*F1 + 2*F2;




s +9
3
F. (s) =
2 S +9
3s 6
F(s)=,3F|(s) +2F,(s) =— + = (1.12)
| s +9 s +9
Ainversade F,(s) € cos(31) eainversade F,(s) € sin(317).

> f1
f2 := invlaplace(F2, s, t):
£[11(t) , ° L~~1 (Fl(s)) ° f1,;
£f[2](t) , ~ = L*-1 (F2(s)) ° £2;
fi(t), = L1 (FI(s)) =cos(3 1)
i f(1), = L1 (F2(s)) =sin(3 1) (1.13)
Portanto f () = 3f(¢) +2/,(¢) = 3cos(3¢) +2sin(31).
> “£(t) = , 3*F[1](t) + 2*£[2] (t) = 3*£f1 + 2*f£2;
i fit)=,3f(t) +2f,(t) =3 cos(31) +2sin(3 1) (1.14)
[ Podemos verificar isto usando os procedimentos do Maple.
> "F(s) ~ = (3*s + 6)/(s*2 + 9);
TE(t) invlaplace((3*s + 6)/(s*2 + 9), s, t);

invlaplace(Fl, s, t):

F(s) = 32s+6
s +9
| f(t) =3 cos(3¢t) +2sin(31¢) (1.15)

Y Transformada de Laplace de derivadas e integrais

Teorema (Derivada de f(t)) Seja f(¢) e f'(¢) continuasem 0 <¢,
e de ordem exponencial. Entdo, L(f'(t)) =sF(s) —f(0), onde L(f(t)) =F(s).

Teorema (Integracido de f(t)) Seja f(t) e f'(t) continuas para 0 <7,
e de ordem exponencial . Entdo, L(Jf(t) dt) = Fls) ,onde L(f(t))=F(s).

Carregue os procedimentos para transformada de Laplace. Faga isto com.
| > with (inttrans):

Exemplo 1 Determine L(cos(t)z) )

> £f:="f': F:='"F': s:='s': t:='t': T:='T"':
f :=t —> cos(t)*2:
fl1 := t -> subs(T=t,diff(£(T),T)):
TE(k) T o= £(t);
"£(0) T = £(0);




TE o' (t) £f1(t);

fit) =cos(1)’
f0) =1
f'(t) =-2cos(t) sin(t)

Use que L(sin(21?)) = 22 .
s +4
> LDf := - 2/(s*2 + 4):
ILDEf = "L(f '"(t)) °;
egn := LDf = s*F(s) — £(0): eqgn;
sol := solve(egn, F(s)):

“Resolva para F(s). ;
‘F(s) ° = sol;
sol := simplify(sol):
‘F(s) ° = sol;
2

-5 =L(f (1))
s~ +4
- 22 =sF(s)—1
s~ +4
Resolva para F(s).
2
F(s) =§;2
(s +4) s
2
F(s) :‘;;2
(s —|—4) S

Verifique isto usando as rotinas para Laplace

> “£(t) ° = cos(t)*2;
‘F(s) ° laplace(cos(t)*2, t, s);
fit) =cos(1)’

2
F =i
) (s2+4)s

(@ L(7).
Como f'(t)=2te L(2t)=%.
S
> f:="f': F:="F': s:='s': t:='t":
f :=t —> t*2:
fl := t -> subs(T=t,diff(£(T),T)):

Tf(t) T = £(t);
VEo(E) o= £1(t);
LDf := laplace(fl(t), t, s):

Exemplo 2 Use o teorema acima apra determinar L(f(¢)) ,onde

2.1)

2.2)

2.3



“L(f '"(t)) ° = LDf;

Lf := LDf/s:

“F(s) = L(f '(t))/s ° = Lf;
fir) =1
) =21

, 2
Lf' ) =5
§

, 2
F(s)=L(f())fs = —
L s

Verifique isto com as rotinas do Maple para Laplace.

> “Ef(t) T = tr2;
“F(s) ° = laplace(t”*2, t, s);

fi) =7
2
F{ﬂ:=;§
®) L(7) .
Como f(t)=37 e L(3¢) =%.
Ry
> f:="f': F:="F': s:='s': t:='t":
f =t —> t*3:
fl := t -> subs(T=t,diff (£(T),T)):
TE(t) T o= £(t);
TE (k) T o= £1(t);
LDf := laplace(fl(t), t, s):
‘L(f '"(t)) ° = LDf;
Lf := LDf/s:
“F(s) = L(f '(t))/s ° = Lf;
fi) =1
fl) =3¢
6
L) =

S

Fis) = LF(0)/s = 2
N

_Verifique isto com as rotinas do Maple.
> “f£(t) T = t*3;
‘F(s) ° = laplace(t”3, t, s);
fit) =1

X

)

~

Il
h#|o\

y'(t) +y(t)=0 com y(0)=2-¢e y(0)=3.
> s:="'s': t:="'t': ¥:='Y': ¥s:='¥s':

Exemplo 3 Resolver o seguinte problema de valor inicial

2.4

2.5

(2.6)

2.7



y0 := 2:

yl := 3:
F := 0:
y''(t) + y() = 07

“y(0) T =y0," y'(0) * =yl;

eqn : s*2*Y(s) - s*y0 - y1l + Y(s) = F: eqn;
sol simplify (solve (subs (s=S,eqn) ,¥Y(S))):
Y := s —> subs(S=s,so0l):

"Y(s) T = Y(s);

y'(t) + yit) = 0
y0) =2, y'(0)=3
SY(s) —2s—3+Y(s) =0
Y(s) = 2543

s2+1

(2.8)

—— e L(sin(1)) = 21
s +1 sS+1
vamos determinar a solucdo que € uma combinacio linear de cos(t) e sin(t) .
> Fl := s/ (s*2+1):
F2 := 1/ (s*2+1):
“Y(s) ° = 2*%F1 + 3*F2;
fl := invlaplace(Fl, s , t):

Usando que L(cos(t)) =

£f2 := invlaplace(F2, s , t):
TE(E) T = 2*%f1 + 3*f£2;
2s 3
Y(s) = > + 2
s +1 s +1
_ f(t) =2 cos(t) + 3 sin(t) 2.9)
Podemos usar o Maple para determinar diretamente a inversa.
> “Y(s) T = Y(s);
“f£(t) ° = invlaplace(¥(s), s , t);
Y(s) = 2;-%3
s +1
L f(t) =2 cos(t) + 3 sin(t) (2.10)
Podemos usar os procedimentos do Maple para EDO para obter a solu¢do diretamente.

> y:='y': t:='t":

ODE := diff(y(t),t$2)+y(t) = O:
ICs := {y(0)=2, D(y) (0)=3}:
‘D. E. * = ODE;

*I. C.'s = ICs;
dsolve (ODE, y(t));
dsolve ({ODE} union ICs, y(t));
2
D.E = d—zy(t)—l—y(t):O
dr
LC's ={y(0)=2,D(y)(0)=3}




y(t) =_ClI sin(t) + _C2 cos(t)
y(t) =2 cos(t) + 3 sin(t) (2.11)

Exemplo 4 Resolva o problema de valor inicial
y'(t) #y(1)-2y(1) =0 com y(0)=1e y(0)=4.
> s:='s': S:='S': t:='t': Y:='Y":

y0 := 1:
vyl := 4:
F := 0:
y''(t) + y'(t) - 2y(t) = 07;
"y(0) T =y0, °  y'(0) T =yl;
egn := s*2*Y(s) - s*y0 - yl + s*Y(s) - y0 — 2*Y(s) = F:
eqn;
sol := simplify(solve(subs(s=S,eqn),¥(S))):
Y := s —> subs(S=s,so0l):
"Y(s) T = Y(s);
*Y(s) ° = convert(Y(s), parfrac, s);
yt) + y() - 2y(1)= 0
y0) =1, y(0) =4
SY(s) —s—5+sY(s) —2Y(s) =0
Y(S) - 25‘;5
s+s—2
2 1
i Y(s) = 1 12 2.12)
Usando que L(e_zt):L e L(e) = I
s+2 s—1
a solucdo é combinacao linear .
> F1l := 1/ (s+2):
F2 := 1/(s-1):
*Y(s) T = - F1 + 2*F2;
fl := invlaplace(Fl, s , t):
f2 := invlaplace(F2, s , t):
“E(t) = - £1 + 2*%£2;
Y(s) = 2 1
s—1 s+2
i fit) =-e ' +2¢ (2.13)
Podemos usar a inversa de Laplace diretamente.
> "Y(s) T = Y(s);
“f£(t) ° = invlaplace(¥(s), s , t);
Y(s) = ZS;S
s +s—2
fit) =-e ' +2¢ (2.14)

[ Podemos verificar isto com o Maple.
> y:='y': t:="'t":
ODE := diff(y(t),t$2)+diff(y(t),t)-2*y(t) = O0:




ICs := {y(0)=1, D(y) (0)=4}:
*D. E. * = ODE;
*I. C.'s " = ICs;
dsolve (ODE, y(t));
dsolve ({ODE} union ICs, y(t));

2

D.E. = ggyuy+§;ﬂn—2ﬂn:0
LC's ={y(0)=1,D(y)(0) =4}
y(t)=_Cle'+_c2¢e7*
y(r)=-e 2" +2¢ (2.15)

Exemplo 5 Resolva o problema de valor inicial
y'(t)-3y'(t) +2y(t)=0 com y(0)=-1¢e y(0)=4.
> s:='s': S:='S': t:="t': Y:='Y":

y0O := -1:
yl := 4
F := 0:
y''(t) -3y'(t) + 2y(t) = 07;
"y(0) T =y0, °  y'(0) T =yl;
egn := s?2*Y(s) - s*y0 - yl -3*(s*Y(s) - y0) + 2*Y(s) = F:
eqn;
sol := simplify(solve(subs(s=S,eqn),¥(S))):
Y := s => subs(S=s,so0l):
“Y(s) T = Y(s);
*Y(s) ° = convert(Y(s), parfrac, s);
y'(t) -3y'(t) + 2y(t)= 0
W0) =-1, y(0) =4
SY(s)+s—7T—3sY(s) +2Y(s) =0
Y(s) = _25‘;7
sT—3s5+2
Y(s) =- 6 + > (2.16)
| s—1 s—2
Usando que L(et)=L e L(et)= I
s—1 s—1
a solucdo é combinacdo linear .
> Fl := 1/(s+2):
F2 := 1/(s-1):
*Y(s) T = - F1 + 2*F2;
fl := invlaplace(Fl, s , t):
f2 := invlaplace(F2, s , t):
“E(t) = - £1 + 2%£2;
2 1
yh):s—l__s+2

217N



\ 4

. fi) =-e ' +2¢ @.17)
Podemos usar a inversa de Laplace diretamente.
> "Y(s) T = Y(s);
“f(t) ° = invlaplace(¥(s), s , t);

Y(s) = _ZS;7
s —3s+2
. fi) =5 —6¢ (2.18)
Podemos verificar isto com o Maple.
> y:='y': t:='t":
ODE := diff(y(t),t$2)+diff(y(t), t)-2*y(t) = O:
ICs := {y(0)=1, D(y) (0)=4}:
"D. E. * = ODE;
*I. C.'s * = ICs;
dsolve (ODE, y(t));
dsolve ({ODE} union ICs, y(t));
2
D. E = % y(t) + % y(t) —2y(t) =0

LC's ={y(0)=1,D(y)(0) =4}
y(t)=_Cle'+_Cc2¢e7*

y(t)=-e ' 42¢ (2.19)

Teoremas de Deslocamento

Teorema (deslocamento na variavel s) Se F(s) ¢é a transformada de Laplace de f (1) ,
entio L(e"'f(1)) =F(s—a) .

Teorema (deslocamento na variavel t) Se F(s) € a transformada de Laplace de f(¢),
e 0<a,entio L(U,1) f(t—a)) =e “"F(s) .

Carregue o pacote de transformagdes para trabalhar com o Maple.

> with(inttrans):

Exemplo 1 Calcule L(7"e")

n!
Usando que L(t") =371 -¢ fazemos o deslocamento.
Ry

a:='a': £:='"f': F:="F': n:='n': s:="s': t:="'t"':
f :=t -> t’n:

F := s —> n!/s*(n+l):

*formulas dadas: " ;

TE(k) T o= £(t);

"F(s) ° F(s);




“deslocamento na variavel s para obter:";
Tf(t) T = £(t)*exp(a*t);
*F(s) ° = F(s-a);

formulas dadas:

fin) =1
n!

Fis) =51
deslocamento na variavel s para obter:
f(t) = eat

n!
F(s) =
(-a+ S)n +1

[ Podemos verificar isto com o Maple.
> assume (A, positive);
assume (N, positive) ;
‘Por exemplo, comece com: ;
TE(t) T = t%n;
L := laplace(t”’N, t, s):
‘F(s) ° = subs(N='n',L);
"Deslocamento na variavel s para obter:;
“f(t) T = tn*exp(a*t);
LS := laplace(t*N*exp (A*t), t, s):
*F(s) ° = subs({A='a',N='n'},LS);;
Por exemplo, comece com:
fir) =1
F(s) =T(n+1)s" !
Deslocamento na varidvel s para obter:
f(t) ={ eat
i F(s) =T(n+1) (~a+s)" !

Exemplo 2 Resolva o PVI
y'(1) +y()=U (1) com y(0)=0e y(0)=0

T
> s:='s': S:='S': t:="t': Y:='Y¥Y': ¥Y:="Y":

y0 := 0:

yl := 0:

F := laplace (Heaviside(t-Pi), t, s):
“y''(t) + y(t) = UPi(t)’;

"y(0) = y0," y'(0) ° = yl;

egn := s?2*Y(s) - s*y0 - yl + Y(s) = F: eqgn;
sol := simplify(solve(subs(s=S,eqn),¥Y(S))):
Y := s => subs(S=s,sol):

“Y(s) T = Y(s);
1/ (s*(s*2+1)) = convert(l/(s*(s*~2+1l)), parfrac,
"Y(s) ° = exp(-Pi*s)/s - exp(-Pi*s)*s/(s*2+1);

s);

3.1)

3.2)



\ 4

y'(t) + y(t) = UPi(1)
y(0) =0, y'(0) =0

ST

SY(s) +Y(s) = es
e—STC
Y(s) =———
s(s2—|—1)
1 s 1
2 ) T
s(ss+1) s +1 S
e—STC e—STCS
Y(s) = )
_ S 5T+ 1
e—TCS e—TCSS
Useque L(U (1)) = e L(U(t)cos(t—m)) =
( n ) Ky ( T ) S2+1
> Fl := exp(-Pi*s)/s:
F2 := exp(-Pi*s)*s/(s*2+1):
fl := invlaplace(Fl, s , t):
f2 := invlaplace(F2, s , t):
*Y(s) T = Fl1l - F2;
TEf(t) T = £1 - £2;
e—STC e—STCS
Yis) =<— - <
§ s +1

| f(t) =Heaviside(t — 1) + Heaviside(7 — 1) cos(t)
Podemos verificar isto usando o Maple.

> ODE := diff(y(t),t$2)+y(t) = Heaviside (t-Pi):
ICs := {y(0)=0, D(y) (0)=0}:
‘D. E. ' = ODE;

"I. C.'s " = ICs;
dsolve (ODE, y(t), method=laplace);
dsolve ({ODE} union ICs, y(t), method=laplace);

2
D.E = % y(t) +y(1) :Heaviside(t—ﬂ:)]
t

I C's ={y(0)=0,D(y)(0)=0}

2

y(t) =2 Heaviside(? — 1) cos(% t)

Invertendo a Transformada de Laplace

> with(inttrans):
laplace(t, t, s):
S —ds+1

Exemplo 1 Determine a transrformada inversa de Y (s) = 3
s(s—1)

y(2) =y(0) cos(z) +D(y) (0) sin(#) + 2 Heaviside(s — ) COS(% t)

2

3.3

3.4

3.5)



s:='s': Y:='Y":

Y := s —>(s*"3 - 4*s + 1)/ (s*(s-1)"3):
“Y(s) T = Y(s);

S —ds+1

Y| =
) s(s—1)°

> s:="'s': ¥Y:='Y":
Y

:= 8 —> (8?3 - 4*s + 1)/ (s*(s-1)*3):
“Y(s) T = Y(s);

"Y(s) ° = convert (Y(s),parfrac,s);
3_
Y(s) = S 4s+31
s(s—1)
Y(s) = 2 _ 2 + I _1

s=1 (s=1)°  (s—-1* s

f(t)y=-1 —Pe +re +2¢

Podemos usar o Maple para conferir.
> "F(s) ~ = (s*"3 - 4*s + 1)/ (s*(s-1)"3);
“f£(t) ° = invlaplace((s*3 - 4*s + 1)/ (s*(s-1)"*3), s, t);
S —4s+1
s(s—1)°
a f =-1—¢(t+1) (1—2)

F(s) =

5s
(s2+4) (s2+9) .

Exemplo 2 Determine a transformada inversa de F(s) =

> s:="'s': Y:='Y":
Y := s -> 5*s/((s*2+4) * (s*2+9)) :
"Y(s) T = ¥Y(s);
5s
| (s2+4) (52+9)
Podemos usar o Maple para converter em fragdes parciais.
> s:="'s': Y:='Y":
Y := s => 5*s/((s*2+4)*(s*2+9)):
“Y(s) T = ¥Y(s);
*Y(s) ° = convert (Y(s),parfrac,s);
5s
" (s2+4) (s2—|—9)

Y(s) = s s

_ s+ 4 s +9
Use a tabela de transformadad e Laplace para determinar a inversa:

Y(s) =

Vamos usar fragdes parciais para decompor a expressdao de Y(s) em faotres mais simples.

Usamos a tabela de transformada de Laplace para procurar a inversa e obtemos a soluc¢ao:

4.1)

4.2)

4.3)

4.4)

4.5)



4

y(t) =cos(2t) —cos(3¢) .

s3+3s2—s—l-1
s(s—I—l)2 (s2+1)

Exemplo 3 Determine a transformada inversade Y(s) =

Em fracoes parciais temos

> s:='s': Y:='Y":
Y := 8 =>(s8*3+3*s*2-5+1) / (s* (s+1)*2* (s*2+1)) :
"Y(s) T = Y(s);
*Y(s) ° = convert (Y(s),parfrac,s);
s3+3s2—s+1
Y(s) = 2,2
s(s+1)7(s"+1)
v =t 2 2 1 4.6)

_ SH+1 (s+1)2 s+l s
Usando uma tabela de transformada de Laplace temos que a resposta €:
y(t)=1—2te" —2e " +cos(t) +sin(r) .

Exemplos de PVI

[} with (inttrans):
Exemplo 1 Resolva o problema de valor inicial
y'(t)-3y'(t) +2y(t)=0 com y(0)=3 e y(0)=4.

> s:='s': S:='S': t:='t': Y:='Y":
y0 := 3:
yl := 4:
F := 0:
y''(t) -3y'(t) + 2y(t) = 07;
"y(0) " =y0, °  y'(0) = =yl;
egn := s*2*Y(s) — s*y0 - yl -3*(s*Y(s) — y0) + 2*Y(s) = F:
eqn;
sol := simplify(solve(subs(s=S,eqn),¥(S))):
Y := s —> subs(S=s,so0l):
“Y(s) T = ¥(s);
*Y(s) ° = convert(Y(s), parfrac, s);
y'(t) -3y'(t) + 2y(t1)= 0
y0) =3, y(0) =4
SY(s) —3s5+5—35Y(s) +2Y(s) =0
Y(s) = 23s—5
s —3s+2
2 1
i Ym)—s_1-+s_2 5.1)
[ t 1 ! 1
Usando que L(e):— e L(e):
s—1 s—1
a solucdo é combinacao linear .



>

>

Fl := 1/(s-2):

F2 := 1/(s-1):

*Y(s) T = Fl1l + 2*F2;

fl := invlaplace(Fl, s , t):
£f2 := invlaplace(F2, s , t):
TE(t) T = £l + 2*£2;

Y(s) = 2 + I
s—l s—2
fi) =e'+2¢ (5.2)

Podemos usar a inversa de Laplace diretamente.

“Y(s) T = ¥ (s);
“f£(t) ° = invlaplace(¥(s), s , t);

Y(s) = 23s—5
s —3s+2

. fi) =e*'+2¢ (5.3)
Podemos verificar isto com o Maple.
> y:="y': t:="'t":

ODE := diff(y(t),t$2)-3*diff(y(t),t)+2*y(t) = O:

ICs := {y(0)=3, D(y) (0)=4}:

‘D. E. * = ODE;

*I. C.'s * = ICs;
dsolve (ODE, y(t));
dsolve ({ODE} union ICs, y(t));
2
D. E. =[§t2y() 3(%y(t))+2y(t)=0]
LC'’s ={y(0)=3,D(y)(0) =4}
y(1)=_C ]e+ _C2¢é!
y(t) = el 2e (5.4)

Exemplo 2 Resolva o problema de valor inicial
y'(t)-3y(t) +2y(t)=0 com y(0)=-1¢e y(0)=4.

>

s:='s': S:='S': t:="t': ¥Y:="'Y"':

y0 = -1:

yl := 4:

F := 0:

y''(k) -=3y'(t) + 2y(t) = 07,

‘y(0) * =yo0, ° y'(0) ° = yi1;

egn := s*2*Y(s) — s*y0 - yl -3*(s*Y(s) - y0) + 2*Y(s) = F:
eqn;

sol := simplify(solve(subs(s=S,eqn),¥Y(S))):

Y := s —> subs(S=s,so0l):



“Y(s) T = ¥Y(s);
‘Y(s) ° convert (Y (s), parfrac, s);
y'(t) -3y'(t) + 2y(t)= 0
y0) =-1, y(0) =4
SY(s)+s—7—3sY(s) +2Y(s) =0

Ym)=__?£:lz__
sT—3s5s+2
6 5
i Y(s):—s_1 +s—2 5.5
[ t 1 ' 1
Usando que L(e) =— e L(e) =
s—1 s—1
a solucdo é combinacdo linear .
> Fl := 1/(s-2):
F2 := 1/(s-1):
*Y(s) T = —-6* F1l + 5*F2;
fl := invlaplace(Fl, s , t):
f2 := invlaplace(F2, s , t):
TE(t) T = - 6*fl + B5*f2;
Y(s) =- 6 + >
s—2 s—1
fit) =-6e"+5¢ (5.6)

Podemos usar a inversa de Laplace diretamente.
> “Y(s) T = Y(s);
“f£(t) ° = invlaplace(¥(s), s , t);

Y(s) = ZS;7
s —3s+2
a fi =5¢&*'—6¢ (5.7)
Podemos verificar isto com o Maple.
> y:='y': t:='t":
ODE := diff(y(t),t$2)-3*diff(y(t),t)+2*y(t) = O:
ICs := {y(0)=-1, D(y) (0)=4}:
‘D. E. ' = ODE;
*I. C.'s * = ICs;
dsolve (ODE, y(t));
dsolve ({ODE} union ICs, y(t));
2
D. E = [d—z y(t) —3 (i y(t)) +2 y(1) =0]
dt dt

LC's ={y0)=-1,D(y)(0) =4}
y(t)=_Cle +_C2¢é*
y(t)=5¢e""—6¢ (5.8)

| > restart:

| > with (inttrans):
Exemplo 3 Resolva o problema de valor inicial



y'(t) +yt)=t com y(0)=-1¢e y(0)=3.
t:

> s:='s': S:='S"': ='t': Y¥Y:='Y":
y0 = -1:
yl := 3
F := laplace(t, t , s):
y''(e) + y(t) = ot

‘y(0) * =yo0, ° y'(0) ° = yi1;

egn := s*2*Y(s) - s*y0 - yl +1*Y(s) = F:
eqn;

sol := simplify(solve(subs(s=S,eqn),Y¥(S))):
Y := s => subs(S=s,so0l):

“Y(s) T = ¥Y(s);

“Y(s) ° = convert(Y(s), parfrac, s);

y'(t) + y(t)=t
¥0) =-1, y'0) =3

FY(s) +5—3+Y(s) =5
N

3 2
s —3s —1
Y(s) =-———F77
s (52 + 1)
Yis) = & + 2 F2 (5.9)
B N s +1
1 . s—2
Usando que L(t) = — ¢ L(2sin(t) —cos(t)) = 5
S s +1
a soluc@o € combinagdo linear .
> Fl := 1/ (s*2):
F2 := (s-2)/(s*2+1):
‘Y(s) ' = Fl1 -F2;
fl := invlaplace(Fl, s , t):
f2 := invlaplace(F2, s , t):
TE(t) = £1 -£2;
1 s—2
Y(s) =— —
s f—kl
| f(t) =t —cos(t) +2sin(t) (5.10)

> restart:

| > with (inttrans):
Exemplo 4 Resolva o problema de valor inicial
y'(t) +y'(t)-y(t) =4*exp(t) com y(0)=1 e y(0)=0.
> s:="'s': S:='S': t:="t': ¥Y:='Y":
y0 := 1:
yl := 0:
F := laplace(4*exp(t), t , s);




y''(t) + y'(t)-y(t) = 4d*exp(t);
‘y(0) * =yo0, ° y'(0) ° = yi1;

egn := s?2*Y(s) - s*y0 - yl +(s*Y(s) - y0)-1*Y(s) = F:
eqn;
sol := simplify(solve(subs(s=S,eqn),¥Y(S))):
Y := s => subs(S=s,sol):
“Y(s) T = ¥(s);
Y (s) ° = convert(Y(s), parfrac, s);
4
Fﬂ=‘s_]

y'(t) + y'(1)-y(t) = 4*exp(1)
y0) =1, y'(0) =0

szY(s)—s—l—i-sY(s)—Y(s):Si—l
2
Y(s) = S t3
(s—1) (s +s—1)
V) =524 4 4 (5.11)
| s +s—1 s—1
Usando que
> laplace(sinh(t), t , s);
= (5.12)
L s —1
> laplace(cosh(t), t , s);
- (5.13)
L s —1
> solve (x*2+x-1=0);
1 1 1 1
I 25 1R 25 (5.14)
> Fl := 1/ (s*2):
F2 := 7/ (s*2+s-1):
| F3 := (3*s)/ (s*2+s-1) :
> "Y(s) ° = Fl1 -F2-F3;
fl := invlaplace(Fl, s , t):
f2 := invlaplace(F2, s , t):
£3 := invlaplace(F3, s , t): £(t) ~ = f1 -£f2-£3;
1 7 3
Y(s) == = ) :
s s +s—1 s +s—1
1 1
-=t -t
f(t):t—%\/?e 2 sinh(%tﬁ)—%e 2 (SCOSh(%t\/?) (5.15)

—\/?sinh(% t\/?))






